
Mathematics Solutions - Grade 10

1. In year N , the 300th day of the year is a Tuesday. In year N + 1, the 200th day is also
a Tuesday. On what day of the week did the 100th day of year N − 1 occur?

Solution: The answer is Thursday. There are either 65 + 200 = 265 or 66 + 200 = 266
days between the first two dates depending upon whether or not year N is a leap year.
Since 7 divides into 266, then it is possible for both dates to be Tuesday; hence year
N is a leap year and N − 1 is not a leap year. There are 265 + 300 = 565 days between
the date in years N and N−1, which leaves a remainder of 5 upon division by 7. Since
we are subtracting days, we count 5 days before Tuesday, which gives us Thursday.

2. Both roots of the quadratic equation x2 − 115x+ k = 0 are prime numbers. What are
the possible values of k?

Solution: k = 226 is the only possibility. Consider a general quadratic with the
coefficient of x2 being 1 and the roots being r and s. It can be factored as (x−r)(x−s)
which is just x2 − (r + s)x + rs. Thus, the sum of the roots is the negative of the
coefficient of x and the product is the constant term. We now have that the sum of the
two roots is 115 while the product is k. Since both roots are primes, one must be 2,
otherwise the sum would be even. That means the other root is 113 and the product
must be 226.

3. The case of the curious cube. Here are three views of the same cube (visualize the
center vertex sticking out of the page).

(a) How many spots are there on the bottom face in view 1 (that is, the face opposite
the “six”)?

(b) Accurately fill in the blank face so that this cube is a view of the cube above.
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Solution: The correct answer is “two”. Many people answer “one”, but this is incor-
rect because “two” and “three” in view 1 can not be the same faces as in view 2. To
see this, rotate the cubes so that the “two” and “three” form a “V” shape. In view 1
the “two” is on the left but in view 2 the “two” is on the right. The easiest way to see
the correct answer is to cut open the cube. It must look as follows.

The solution to part (b) is
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4. Recall that a polygon is called regular if all its side lengths are equal and all its angles
are equal. Below is a regular 18-gon which is divided into 18 pentagons, each of which
is congruent to pentagon ABCDE, as shown. All sides of the pentagon have the same
length.
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Determine angles A,B,C,D, and E.

Solution: The answers are ∠A = 60,∠B = 160,∠C = 80,∠D = 100, and ∠E = 140.
At the center of the 18-gon, six pentagons join together by their angle that corresponds
to ∠A. Therefore, ∠A = 360/6 = 60.

Since all sides of the pentagon are equal, triangle ABE is equilateral and quadrilateral
BCDE is a rhombus. ∠ABC is an interior angle of the 18-gon, so ∠B = ∠ABC =
(18− 2) ∗ 180/18 = 160. [To derive this formula recall that an n-gon can be divided in
n− 2 triangles with a common vertex. And then the sum of the interior angles of the
triangles equals the sum of the interior angles of the n-gon. For a regular n-gon, each
angle is thus (n− 2) ∗ 180/n].

Then
∠EBC = ∠ABC − ∠ABE = 160− 60 = 100,

so ∠D = ∠CDE = ∠EBC = 100 and

∠C = ∠BED = 180− ∠EBC = 180− 100 = 80.

Finally, ∠E = ∠AED = ∠AEB + ∠BED = 60 + 80 = 140.
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5. Your friend is bored one weekend, gets a huge roll of paper, and completely expands(
1 + x + x2 + · · ·+ x27

) (
1 + x + x2 + · · ·+ x14

)2
?

to get a polynomial in the form a0 + a1x + a2x2 + · · ·+ a28x
28 + · · ·

Your friend bets that you can’t find the coefficient of x28 in less that 30 minutes. Can
you win the bet! That is, find the value of a28.

Solution (version 1): The answer is 224.

Let A = (1 + x + x2 + · · ·+ x14) and B = (1 + x + x2 + · · ·+ x27). We are expanding
A · A ·B.

Since there are 15 terms in A, there are 152 = 225 ways to choose one term from
each A. The product of the selected terms is xn for some integer n between 0 and 28
inclusive. For each n 6= 0, there is one and only one x28−n in B. For example, if I
choose x from the first A and x3 from the second A, the product is x4 and then there
is exactly one power of x in B that I can choose; in this case, it would be x24. Since
there is only one way to choose one term from each A to get a product of x0, there
are 225 − 1 = 224 ways to choose one term from each A and one term from B to get
a product of x28. Thus the coefficient of the x28 term is 224.

Solution (version 2).

Let P (x) = (1 + x + x2 + · · ·+ x14)
2

= a0+a1x+a2x
2+· · ·+a28x

28. Then the x28 term
from the product in question (1 + x + x2 + · · ·+ x27) (a0 +a1x+a2x

2 + · · ·+a28x
28) is

1a28x
28 + xa27x

27 + x2a26x
26 + · · ·+ x27a1x = (a1 + a2 + · · · a28)x28. So we are trying

to find the sum of the coefficients of P (x) minus a0. Since the constant term a0 in
P (x) (when expanded) is 1, and the sum of the coefficients of P (x) is P (1), we find
the answer to be P (1)− a0 = (1 + 1 + 12 + · · · 114)

2 − 1 = 152 − 1 = 224..
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