
Mathematics - Grade 12

All answers must be justified with careful and correct reasoning.

1. Let S be the set of all ordered triples (x, y, z) of real numbers for which log10(x+y) = z
and log10(x

2 + y2) = z + 1. There are real numbers a and b such that for all ordered
triples (x, y, z) in S we have x3 + y3 = a · 103z + b · 102z. What is the value of a+ b?

2. The case of the curious cube. Here are three views of the same cube (visualize the
center vertex sticking out of the page).

(a) How many spots are there on the bottom face in view 1 (that is, the face opposite
the ”six”)?

(b) Accurately fill in the blank face so that this cube is a view of the cube above.
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3. Recall that

tan(x) =
sin(x)

cos(x)
, cot(x) =

1

tan(x)
, and sin(A+B) = cos(A) sin(B)+sin(A) cos(B).

Find, with proof, all real numbers x between 0 and 2π such that

tan(7x)− sin(6x) = cos(4x)− cot(7x).

4. Say Alice throws m fair coins and Bob throws n fair coins. Here are two independent
question.

(a) Let m = 16 and n = 15. Find the probability that Alice throws more heads than
Bob.

(b) Let m = n = 6. Is the probability that Alice and Bob both throw the same
number of heads greater than, less than, or equal to 1/4?

5. Find all functions f(x) from nonnegative real numbers to nonnegative real numbers
(that is, f : [0,∞)→ [0,∞) ) such that f(f(x)) = x4 and there is a constant C such
that f(x) ≤ Cx2 for all x. You must prove that there are no other functions apart
from those which you found.

About notation: If say, g(x) = x3 + x + 7 then g(g(x)) = g(x3 + x + 7) = (x3 + x +
7)3 + (x3 + x+ 7) + 7.
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